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Abstract 

Bipartite entanglement is one of the fundamental quantifiable resources of quan- 
tum information theory. We propose a new application of this resource to the theory 
of quantum measurements. According to Naimark's theorem any rank 1 generalised 
measurement (POVM) M may be represented as a von Neumann measurement in an 
extended (tensor product) space of the system plus ancilla. By considering a suitable 
average of the entanglements of these measurement directions and minimising over all 
Naimark extensions, we define a notion of entanglement cost £ , m ; n (M) of M. 

We give a constructive means of characterising all Naimark extensions of a given 
POVM. We identify various classes of POVMs with zero and non-zero cost and explicitly 
characterise all POVMs in 2 dimensions having zero cost. We prove a constant upper 
bound on the entanglement cost of any POVM in any dimension. Hence the asymptotic 
entanglement cost (i.e. the large n limit of the cost of n applications of M , divided by 
n) is zero for all POVMs. 

The trine measurement is defined by three rank 1 elements, with directions symmet- 
rically placed around a great circle on the Bloch sphere. We give an analytic expression 
for its entanglement cost. Defining a normalised cost of any d-dimensional POVM by 
E m i n (M)/ log 2 d, we show (using a combination of analytic and numerical techniques) 
that the trine measurement is more costly than any other POVM with d > 2, or with 
d = 2 and ancilla dimension 2. This strongly suggests that the trine measurement is 
the most costly of all POVMs. 

1 Introduction 

Bipartite entanglement is one of the fundamental quantifiable resources of quantum infor- 
mation theory. In this paper we will propose a new application of this resource to the theory 
of quantum measurements, motivated by the following considerations. 

Let M. = {A^ : > 0, ^ A^ = I}™ = i be a positive operator valued measure (POVM) 
or "generalised measurement" on the space Tid of dimension d. We will be interested in 
POVMs with rank 1 elements A„ = |A: At )(/c /J |, where the \k^)'s are sub-normalised and 
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generally non-orthogonal vectors. In quantum theory only orthogonal states have the fun- 
damental property of being reliably distinguishable and in a measurement the outcomes 
correspond to classical information which is similarly reliably distinguishable. This connec- 
tion between orthogonality and measurement outcomes is embodied in the definition of a 
(complete) von Neumann measurement, as being based on mutually orthogonal directions. 
For a (rank 1) generalised measurement the vectors are not orthogonal yet the outcome 
information is again classical. In this case the appearance of orthogonality is restored by 
Naimark's theorem ^ |2] which asserts that any generalised measurement may be viewed 
as a von Neumann measurement on a suitable enlarged space comprising the target system 
together with an auxiliary system or ancilla. In the present work we wish to think of von 
Neumann measurements and their in-built orthogonality as the fundamental substrate of 
all quantum measurement. The formalism of (non-orthogonal) POVMs is then merely a 
mathematical artifice that expresses the residual effect on the system when we perform an 
orthogonal measurement in an extended setting. We will see in section El below that the 
adjoining of an ancilla to represent Ai as a von Neumann measurement provides a natural 
way of associating an entanglement cost to the measurement Ai. For direct von Neumann 
measurements on the target system (where no ancilla is required), the entanglement cost 
will be zero. 

A possible motivation or application of such a notion of entanglement cost for a gener- 
alised measurement arises in the study of information acquisition from a quantum source. 
Let £ = ;pi} be a source of pure quantum signal states with prior probabilities 



Pi- Write IT = I^X^I- If M = {A^ : > 0,£A M = /}™ =1 is any POVM on the sig- 



nal space then its measurement on a signal state results in a joint probability distribution 
p(i&fi) = p{^\i)p{i) = (tr A^Ui)pi. We can then calculate the associated mutual informa- 
tion I(A4 : £) which is interpreted as the amount of information that the measurement 
outcome provides about the identity of the state For a given source £ we are often 

interested in determining Ai so that I(A4 : £) is maximised. It is known [2] that for any 
source an optimal measurement may be regarded as having all rank 1 elements. Indeed in 
generality suppose that A^ has spectral decomposition A^ = Aj |Aj)(Aj| and in the mea- 
surement Ai we replace each A^ by the set of rank 1 operators {Aj |Aj)(Aj|}, giving a refined 
measurement Ai 1 that is rank 1. Then for any source £ we have I(A4' : £) > I(A4 : £). 
Thus it is natural to restrict attention to only rank 1 POVMs, with elements of the form 
A^j, = \k^ t )(k fM \ and we have 



It is known that some sources have a direct von Neumann measurement as an optimal 
measurement but there exist other sources for which no such direct von Neumann mea- 
surement is optimal. For example the binary source B = {\^i) ,\ip2) 1PI1P2} always has an 
optimal von Neumann measurement [I] whereas the so-called trine source of three symmet- 
ric equiprobable states in two dimensions, defined by T = ||ai) , \a.2) , \olz) ; 1/3, 1/3, 1/3} 
with 



p{n\i) = |(v# M )| 2 p(fi) = ^2pi\(A\h)\ 2 - 
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has the property that no von Neumann measurement is optimal 'Jo.. Let \(3i) be three vectors 
orthogonal to \a.j) respectively and subnormalised to have lengths y/2/3. Then it may be 
shown |HI that the POVM Mr = {| A) (&!}?= 

x is an optimal measurement for T. 

Thus we see that some sources (such as T having no direct von Neumann measurement 
as optimal) require an investment of entanglement to reveal the full quota of their available 
information, while others (such as any binary source) require no such entanglement input. 
Intuitively (for T) the information needs to be "spread out" in a larger space in order 
for it to become "fully visible". This framework of ideas leads to many interesting new 
questions. For example we can ask: which source (of all qubit sources, say) requires the 
most entanglement investment to see its information content? We will study these issues at 
a slightly more fundamental level, focussing on the generalised measurements themselves, 
rather than the sources, using the precise formulations given in the next section. 

This paper is organised as follows. In section |21 we develop a precise formulation of 
our notion of entanglement cost for generalised measurements. Our adopted approach is 
based on the formalism of Naimark extensions which we briefly review. In section 01 we 
give a constructive characterisation of all possible Naimark extensions of a given POVM 
which provides a basis for developing further properties of our notion of entanglement cost 
in sectional firstly we identify various classes of POVMs with zero and non-zero cost, and 
explicitly characterise all POVMs in 2 dimensions having zero cost. Secondly we derive 
an analytic expression for the entanglement cost of the trine measurement (defined above) . 
Thirdly we derive various upper bounds on the entanglement cost including a constant upper 
bound (independent of the dimension) for any POVM. Next, in section |S] we consider the 
question of which POVM has the greatest cost. Introducing the normalised entanglement 
cost of M (in d dimensions) as the cost of M divided by log 2 d (i.e. the cost per qubit of 
source space) we show that the trine measurement is more costly than any other POVM 
with d > 3 and conjecture that it is the most costly of all POVMs. In section|H]we introduce 
the notion of the asymptotic entanglement cost of a POVM (defined as the large n limit 
of the cost of n applications of M divided by n) and show that it is zero for all POVMs. 
Finally in section [7| we make some further remarks on the significance of our definition of 
entanglement cost and briefly discuss various other possible approaches. 

2 Formulation of the problem 

In our definition of entanglement cost, Naimark's theorem will play a fundamental role so 
we begin by elaborating its statement here. Let TC^ denote the signal space (of dimension 
d) and TC e the ancilla space (of dimension e). Let |ao) be any fixed chosen state of the 
ancilla. Let M = {j4 m }™=i be any rank 1 POVM and write p(fj,\ip) = (ip\A^\ip) for the 
probability of obtaining outcome fi on the state \ip) € TCd- Naimark's theorem states that 
M may always be realised as a von Neumann measurement in Ti.^ <g> 7i e for e sufficiently 
large to have de > m, in the following sense. Let \ip,ao) = \ip) \ao) be the state obtained 
from \ip) by adjoining the ancilla in its standard state. Then there is an orthonormal basis 
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{\w v ) : v = 1, . . . , ed} in Tid <8> 7i e such that for all \^}: 

p(v\i/j) = \(ip,ao\w u )\ 2 when v = 1, . . . ,m. 

Any such orthonormal basis (for any choice of Ti e ) is called a Naimark extension of A4. 
Any generalised measurement admits many inequivalent Naimark extensions and in section 
121 below we will see how to classify and construct them all. Since probabilities must sum to 
1 it follows that 

p(u\ip) = \ (^,ao\w u )\ 2 = for m < v < ed (1) 

i.e. the POVM is represented in the first m dimensions of the von Neumann measurement 
and then the remaining von Neumann measurement directions must be orthogonal 
to the subspace Tid ® \clq) C Ti d ® Ti e . These latter measurement directions lie in the span 
of {Tid <8> |<ij) : i > 1} where {\ao) , , • • • |a e _i)} is an orthonormal extension of \ao) in 
Ti e . (More generally if the POVM is not rank 1 then Naimark's theorem states that it may 
similarly be represented as a von Neumann measurement that is incomplete i.e. not rank 
!)• 

The states \w v ) are generally entangled across the decomposition TLd ® 1~i e and their 
entanglements will form the basis of our definition of entanglement cost for M. Note that 
if A4 is a von Neumann measurement in Tid then m = d, so we can take e = 1 and set 
\ w u) = \k u ) \clo)- Thus our entanglement cost will be zero but for more general POVMs we 
will obtain non-zero values. 

In some treatments of Naimark's theorem (such as jj) the basic signal space TCd is 
enlarged not via a tensor product TCd <8> TC e but instead via an embedding into a larger 
dimensional space TCd ^ 7~Ln of suitable size to accommodate the number of elements of 
the POVM. For us it is important that the extension arises from a tensor product and 
indeed, from a physical point of view the adjoining of an additional ancilla system is the 
only available physical means of extending a space while retaining the original system intact. 

Turning now to the formulation of our problem, we begin with the following ingredients: 
(i) a source £ = ;p%} in TLd] (h) a rank 1 POVM M. = {\k t _ l )(k^\}' l ^ =1 with m outcomes, 
on Tid', (hi) any Naimark extension J\f = of M, which is an orthonormal basis of 

TLd®TL e . Let E u denote the entanglement of \w v ) (defined as the von Neumann entropy of 
the reduced state of TLd or Ti e ) and let 

P(y) = *YjPiP{v\i) = ^2pi\(^ia \w v )\ 2 = ^PiKipilK}] 2 (2) 

i i i 

be the posterior probability of obtaining outcome v on £ (where in the last expression we 
take \k v ) = for v > m). Then introduce E = YlvP( u )Ev, the average entanglement of the 
Naimark extension directions, weighted by their posterior probability of occurrence on £. 
We define the entanglement cost of M on £ to be E m i n , the minimum of E over all choices 
of Naimark extension of M . 

Note that if m (the number of POVM elements) is not an integer multiple of d then any 
Naimark extension will involve extra directions not associated with any POVM element. 
However eq. (^Q) shows that the entanglements of these extra states \w u ) : v > m do not 
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enter into E. A further desirable feature of our definition is the fact that any von Neumann 
measurement will have entanglement cost zero (as noted previously). 

Our definition of -Emm depends on both Ai and £.. To obtain a characteristic of a 
generalised measurement alone we note that the POVM condition ^ J = / implies 
S(^mI^) = ^ so that {q^ = (^|/c M )/(i}™ =1 is a probability distribution canonically defined 
by M. From eq. © we see that p(v) = ^2iPi(K\ipi) ■(rp i \k v ) will equal q v if Yt%Pi l^i^i] = 
\l so we can interpret the canonical distribution as the posterior probability of obtaining 
outcome \i on any maximally mixed source i.e. any source having J^^Pi \ipi){ipi\ = hi (e.g. 
the trine source for d = 2). 

Using these ingredients we can state our central problem: 
Problem: Given a POVM M = {\k^){k^ =l on H d let ^ = \{k^\k^). Let {\w v )} on 
7~td ® Ti-e be any Naimark extension of Ai and let E v be the entanglement of \w v ). Let 
E = Y^a=\ Q/j.Efi- Then we wish to determine -E m j n (.M), the minimum value of E over all 
choices of Naimark extension of Ai. ■ 

Note that our definition of entanglement cost (based on the entanglements of the 
Naimark extension states) is actually a measure of entanglement production by the POVM, 
rather than a measure of "input" entanglement cost, necessary to realise the POVM in some 
suitable sense. Further discussion of this point will be given in section [7"T1 below. 



3 Characterising all Naimark extensions of A4 

In Naimark's theorem is proved by showing how to construct a Naimark extension of 
any rank 1 POVM. However the extension of the space is achieved by subspace embedding 
Ttd TLn, rather than via a tensor product, adjoining an ancilla. Below we adapt this 
method to work in the system-plus-ancilla formalism (c.f. also jjj) and show further that 
it provides a constructive classification of all possible Naimark extensions of the POVM. 

Let Ai = {|^/Lt)(^|}^Li be any rank 1, m-element POVM in TCd- Let the orthonormal 
basis {|iyj / )}^L 1 in TL^ <8> TL e be any Naimark extension of it. The action of the POVM on 
states in 7id corresponds to the Naimark extension acting on \ip) \oq) which in turn 
requires a choice of ancilla state |ao). When we need explicit mention of the chosen ancilla 
state we will refer to a "Naimark extension with basic ancilla state |ao)"- 

We begin by identifying a relationship between the vectors and \w^,). If {|aj)}^~Q 
is any orthonormal basis of TC e that extends lao), we can write 



\ao) + \vl) \ ai ) + . . . + 



v i e 1] ) |"i,-n, 



for suitable (sub-normalised) coefficient vectors \v\, ) in Tid- The Naimark extension condi- 
tion is |(V>, ao\w u )\ 2 = \(tp\k u )\ 2 for v = 1, . . . , m and | (ip, ao\w u )\ 2 = for v > m. Thus we 
have 

\{ip\v°)\ = \{ip\k v )\ for all \ip) and v = 1, . . . , m 

and by lemma^below we get = e t8v \k v ). These phases do not affect the entanglement 
that we are studying and without loss of generality we can take 9 U = (e.g. they can be 
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absorbed into overall phase choices for the |uv)'s). Indeed, the phase of \k v ) is not even 
defined by the POVM. 

Lemma 1 If\(a\x)\ = \ (b\x)\ for all \x) then \a) = \b) e ld . 

Proof Putting x = a and b gives |(a|6)| = (a\a) = (b\b) and then the projection of \a) 
perpendicular to |6) is zero. ■ 

For v > m we have (ip, ao\w v ) = so k^) = for v > m. Hence we have proved: 

Proposition 1 If {\w v )}'^L l is any Naimark extension of {\k tl )(k tl \} 7 ^ =1 with basic ancilla 
state |ag) then the \w u ) have the form 



v ) = \k u )\a )+ |^)|oi} + ...+ 
v) = |^)|ai) + ...+ 



)i e 1} ) |o( e _i)) foru = l,... 



in 



(e-l) , 

v}, ) \a 



( e _i)> foru = m+l,...,de 



i.e. \v®) = \k v ) for v = 1, . . . , m and \v®\ = for v > m. 
We also have a converse result: 

Proposition 2 Let {|w l/ )}^? =1 be any orthonormal basis of Tid <8> Ti e . Using the basis 
{k)};=o write 



e-l 

\w v ) = ^2 \ v i) i ° ' } 

i=0 



Then {A v = x is a POVM on H d . Similarly for each i, {A$ = |«t)<«t|}* i ™ 

a POVM on Tid- 

Proof For any |£) in Hd we have |(£,ao|^)| 2 = l(£l w °)| 2 so 

V 

Writing P = \ v v) ( v u\ we thus have (£| P |£) = 1 and P is also Hermitian. Taking |£) as 
the eigenstates of P we see that all eigenvalues must be 1 so P = I and {W})\i>° is a 
POVM. Similarly by first applying a unitary swap operation on Ti e that interchanges the 
roles of | ao) and |oj) we get the corresponding result for each i. ■ 

Returning to our question of constructing all possible Naimark extensions of M = 
{ | | }J*=i, P ro P os ition n shows that we need to characterise all possible sets for 
i > 1 which make the |wv)'s orthonormal. This is achieved as follows. We will work in 
terms of components with respect to a chosen basis {|e 3 -)} of Tid an d of Ti e . Let M 

be the m x d matrix whose m rows are the components of the |fc^)'s for fj, = 1, . . . , m. 

Proposition 3 The POVM condition ^^A^ = I is equivalent to the following condition: 
the d columns of M are an orthonormal set of vectors in C m . 
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Proof We have \k. 



Y,j M^j \ej) so the POVM condition ^ {^{k^ 
Y,M fMj M; k = 5 jk 



I is 



i.e. for each j and k the j th and k th columns of M are orthonormal. ■ 

We will write any vector |$) G 7id®'H e as a row vector of components lexicographically 
ordered in the product basis \ej) |a/%). Thus we have de components and if 



i=0 



then the first d numbers in the row vector are the components of \v°), the next d are the 
components of jv 1 ) and so on; the last d are the components of |t>( e_1 ^. 

Above we introduced the m x d matrix M (having the |A^)'s as rows). Let Z be the 



{de 



m 



x d matrix with all zero entries. Then by proposition |3] the columns of 



P 



M 
Z 



are d orthonormal vectors in C de . We can extend these d columns to a full orthonormal 
basis of de vectors in C de by adjoining further columns to get a de x de matrix 



L 



M A 
Z B 



Here A has size m x {de — d) and B has size {de — m) x {de — d). The freedom in the choice 
of this extension is the set of all maximal orthonormal families in C de that are orthogonal 
to the first d columns of L. This set is isomorphic to the set of all orthonormal bases of 



•'de—d 



Proposition 4 For any square matrix R, R has orthonormal columns iff R has orthonor- 
mal rows. 



Proof This is a standard fact from linear algebra. ■ 

Now L has orthonormal columns so by proposition 01 L has orthonormal rows too. 
(Indeed L is a unitary matrix.) Hence the rows of A and B read out in segments of length 
d give the vectors \v l u ), i > 1, of a Naimark extension of Ai (as in propositions H and EJ) . 
Conversely we see that every Naimark extension arises in this way: taking any Naimark 
extension as in proposition^we write out the de x de matrix L' with the components of the 
\wufs as rows. Then the rows of V are orthonormal so by proposition |1] the columns are 
orthonormal too. Also by proposition ^ the entries of L' in the positions of Z are all zero. 

Hence we have a prescription for generating all possible Naimark extensions of the 
POVM {|fc/i)(fc/ i |}!^ = i in dimension d with an ancilla of dimension e: 
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• Write down the matrix M whose rows are the components of the vectors \k^). 

• Extend the columns of M by zeroes to get a total length of de. 

• Extend these d orthonormal columns to a full orthonormal basis of C de (by adjoining 
further columns) giving a square matrix L. 

• Look at the rows of L to read off the Naimark extension states. 
3.1 Bounding the ancilla size 

Although unboundedly large ancillas (i.e. e values) can be used in the above prescription, 
they do not help in reducing the entanglement cost of M . It suffices to consider only e < md 
as shown next. 

Theorem 1 For the m element POVM M = {|fc M )(M}/2=l let {\ w u)}t=i be 

any Naimark 

extension with ancilla dimension n and entanglement cost E. Then there exists a Naimark 
extension of M. with ancilla dimension e < md which also has entanglement cost E. 

Proof Each \w u ) is an entangled state in H.^ <S> T~C n and hence has support of dimension at 
most d in the ancilla space. So in the ancilla space at most md dimensions are utilised by 
the m states \w v ) for v = 1, . . . , m. Hence by a local unitary transformation on the ancilla 
(which does not affect the entanglements), we can rotate these dimensions into the first md 
positions. Hence an ancilla of dimension md suffices to allow a Naimark extension with the 
same entanglement cost. ■ 

4 Some properties of the entanglement cost of M. 

4.1 Measurements with zero and nonzero entanglement cost 

In this subsection we characterise a class of POVMs for any dimension d, with zero entangle- 
ment cost and also a class which has non-zero cost. For d = 2 we give a full characterisation 
of zero cost POVMs. 

Proposition 5 Let M = {IM(Mi™=i and = {|k)(k|}S=i be two POVMs. If 
{POiPi} i s a probability distribution define the convex combination POVM (with m + n 
elements) M = [] i PiM l = {p \k^){k^\ ,p 1 \l v ) {lv\}™= ljV=1 - Then 

E m m(M) < ^2piE min (Mi). 

i 

Proof Let Bq = and B\ = {jw^)} be Naimark extensions of Mq and M\ respec- 

tively, that realise the minimal entanglement costs. We can enlarge the smaller ancilla space 
so without loss of generality we may assume that the ancilla spaces have the same dimension 
e and that the fundamental state |ao) (c.f. proposition ^) coincides for Bq and B\. Now 
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consider the set B = {|^°) |0) , \wl) |l)}^=i™^ =1 where |0) and |1) are orthonormal states of 
a new system which we view as an extension of the ancilla. This is clearly an orthonormal 
set and if we take the fundamental ancilla state \a' ) = \ao) (y/po |0) + y/pi |1)) then B is 
a Naimark extension of M. Since the ancilla in each state of B has been extended as a 
product state, the entanglements are unchanged so the entanglement cost of M is at most 

Note that in the above construction, if .Mo and M\ have elements which are proportional, 
they remain as separate elements in the convex combination POVM. Since von Neumann 
measurements have zero cost we immediately get: 

Corollary 1 Let Vi, . . . , Vk be von Neumann measurements and V = {pi, . . . ,px} a prob- 
ability distribution. Then the POVM M = (JjPiH has zero entanglement cost. 

M in the corollary has the physical interpretation of a probabilistic mixture of von 
Neumann measurements i.e. we first take a classical sample from V and then perform the 
corresponding von Neumann measurement. If A4 = {\k fJ ,){k^\}' l ^ =1 is any POVM on qubits 
(i.e. d = 2) then we may represent the elements as subnormalised Bloch vectors 

of length = yj {k^\k^) in the Bloch sphere. Then A4 is a mixture of von Neumann 
measurements iff the set of Bloch vectors is invariant under inversion through the centre of 
the sphere. 

Note that we do not generally have equality in proposition 03 For example if .M = 
{\ku)(ku\} is any POVM in d = 2 define the POVM M to be the measurement based on 
subnormalised states |n^} where \k^) and |n^} are orthogonal and have equal lengths. Then 
generally E m i n (M.) = E m i n (A4) / yet ^M. U ^M. has zero cost, being a mixture of pairs 
of orthogonal directions i.e. a mixture of von Neumann measurements in d = 2. 

The construction M = IJiK-^i m proposition corresponds to first making a classical 
probabilistic choice i and then applying the POVM corresponding to the seen choice. We 
now consider reversing the order of these operations. Let M. = {|fyu)(&/Lt|}S=i be any 
POVM and let = {p^, . . . ,P^r be a classical probability distribution with K(p) 
outcomes for each fj, = l,...,m. Consider the POVM ■M('P^) defined as follows: first 
apply M.. If the outcome \i is seen then sample to get a value /. Output the pair 
(fJ-,1). In mathematical terms we take each element \k^){k^\ of A4 and replace it by K(p) 
elements p^ |fc At )(A; /J | , . . . iP^t^) \k^)(k^\ which are identical except for their normalisations. 
Geometrically for POVMs on qubits, we replace each Bloch vector by K(fi) vectors 
parallel to whose squared lengths sum to the squared length of v^. 

Proposition 6 For any POVM Ai and collection of probability distributions as above 
we have 

E miQ (M(Vn) < E min (M). 
Thus ifV = QiVi is any mixture of von Neumann measurements then E m [ n (y('P IJ ')) = 0. 

Proof Let B = {\wu)} (with basic ancilla state \uq)) be any Naimark extension of Ai 
realising its minimal cost. For each \i let \ct\) , . . . , be an orthonormal set of states 
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in a further auxiliary space with (0\a.i) = y^pf (where |0) is any choice of fixed state in the 
auxiliary space) . To construct such a set of states we write the \/pf 's as the first column of 
a K(n) x K(/j.) matrix and fill out the rest of the matrix with orthonormal columns. Then 
the |aij)'s are given (via components in a basis whose first member is |0)) by the rows of 
the matrix. With this construction, B' = {\wa) \o$)}i,u is clearly an orthonormal set and 
it provides a Naimark extension of Aity^) if we use basic ancilla state |oq) |0). Since the 
ancilla has been extended by product states the entanglement of \wn) \af) is the same as 
that of \wn) so the entanglement cost of Ai with B equals the entanglement cost of Ai(V"L L ) 
with B' giving the result. ■ 

Hence if a POVM Ai can be viewed as a mixture of von Neumann measurements fol- 
lowed by a classical probabilistic choice (whose distribution may depend on the chosen von 
Neumann measurement's outcome) then Ai has zero cost. 

Example The above characterisation does not generally exhaust all POVMs with zero 
cost. Consider the 5 outcome POVM AI in d = 3 defined by 

|*l> = |0> |*2> = ^|1> l&3> = ^|2> 
|fc*) = i(|l> + |2» |*6> = £(|1>-|2». 

One may write down a Naimark extension of product states showing that E m [ n (Af) = 0. 
However AT is not a mixture of Von Neumann measurements (as the number of outcomes 
is not a multiple of d) and it is not of the form Ai{V^) for any Ai or (as it has no 
parallel outcomes \kn))- But if we replace the element \k\) by two elements = ^1,2) = 
|0) then the resulting 6 element POVM Af' is a mixture of von Neumann measurements 

defined by {|&i,i) , I&2) , ^3)} and {l^i^) , I&4) , \ks)}. Thus E m i n (Af') = and Af arises by 
an identification of parallel elements. Later (after proposition |HJ) we will see that in the 
special case of d = 2, all POVMs having zero cost are of the form V(V^) of proposition El 
(i.e. where V is a mixture of von Neumann measurements). 

Proposition 7 Suppose that a POVM Ai' = {|&/Lt)(&yu|}2Li has zero entanglement cost 
and \k\) and ^2) are parallel. Let |A;i2)(^i2| = + 1^2) (^2! • Then the rank 1 POVM 

Ai = { ^12) (k\2 1 j |&3)(&3| j ■ ■ ■ j \ km){km\} (with m — 1 elements) has zero cost too. 

Proof Let {(w^)} with basic ancilla state \ao) be a Naimark extension of Ai' with zero 
cost. Thus each \w^) for fi = 1, . . . , K is a product state of the form 

kjx 



where 



k nj is \kfj,) normalised and |(ao|a M )| = (k^\k^). Since 



fci 



ko ) we deduce that 



\a\) and (02) are orthonormal. Let \cc12) be the normalised projection of |ao) into the plane 
of \ati) and |«2). Then | (ao 1 0:12) | 2 = |(ao|oi)| 2 + |( a o|o ; 2)| 2 - Write \1u12) = ki) \a\2)- Then 
the orthonormal set {|u>i2) ; \ , . . .} is a Naimark extension for Ai with zero cost. ■ 

Above we have characterised a class of POVMs in any dimension d with zero cost. Next 
we characterise a class that is guaranteed to have non-zero cost and fully characterise zero 
cost POVMs in d = 2. 
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Proposition 8 Let Ai = {|^)(^|}JILi be any POVM on TCd having zero entanglement 
cost. Then, for any [i we have the operator inequality 

IM(M+ Yl \ku)(K\>(kMl. (3) 

v:(k^\k v )=Q 



Proof We may assume [i = 1 without loss of generality. Let A be the set of integers v 
satisfying 2 < v < m and (ki\k u ) ^ 0, and let A = {1, ... , m} — A. Note that the LHS of 
Eq. (j2J) is equal to YlveA Since Ai has zero entanglement cost, it has a Naimark 

extension {|^)}^ =1 in Tid <8> Ti-e of the form \w u ) = kj^ \a u ), where | (a^ |ao) | 2 = (k v \k v ). 
For v £ A, (wi\w u ) = implies (a\\a u ) = 0. The operator P = YlueA \ w v){ w v\ ^ s thus a 
projector onto a subspace of Tid <8> (J~L e — Wi))-, an d P < 1 <8> (1 — |ai)(ai|). Then we have 
X^eA = ( a o|-P|«o) < 1(1 - |(ai|ao)| 2 ) = 1(1 - Since 

1 — ^ veA Ifci/)^!, we obtain Eq. Q. ■ 

This proposition states that for each element \k^) in a zero-cost POVM, we can find 
elements orthogonal to \k^) of a sufficient number to satisfy Eq. ©. Hence we get the 
following corollaries. 

Corollary 2 If a POVM Ai has an element {k^) such that no other element \k u ) is orthog- 
onal to {k^) then Ai has non-zero entanglement cost. 

Corollary 3 Let Ai be POVM in dimension d = 2. Then Ai has zero cost iff Ai is a 
mixture of von Neumann measurements followed by classical probabilistic choices i.e. Ai 
has the form V(V fl ) of proposition^ 

Proof Suppose that Ai with d = 2 has zero cost. By identifying all parallel sets of elements 
of Ai we can construct a POVM Ai' satisfying K&^l&y)! / 1 for /i / fjf . By proposition 
13 Ai' has zero cost too. Since d = 2, Proposition El requires that any element {k^) in Ai' 
should be paired to another element satisfying (£; M |Ay) = and (k^k^) = (£y|Ay). 

Hence Ai' is a mixture of von Neumann measurements V and Ai has the form V(P M ). The 
converse implication is given by proposition H3 I 



4.2 The entanglement cost of the trine measurement 

The minimisation needed to determine E m i n (Ai) cannot generally be performed analytically 
except for some special POVMs. Amongst the latter is the trine measurement (defined 
below), which is perhaps the simplest generalised measurement that is not a von Neumann 
measurement. 

The trine measurement is defined as a POVM ((3^ 1 1^=1,2,3 on T~(-2, where 

= 2/3 

= 1/3 for m?V (4) 
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The three directions \f3^) are equally spaced around a great circle on the Bloch sphere. 
Recall that this measurement is optimal for the trine source whose states are respectively 
orthogonal to the |/3 M )'s. 

Theorem 2 The entanglement cost of the trine measurement is |iJ(|(l — ^)) = 0.496... 
ebits (where H(x) = — xlog 2 x — (1 — x) log 2 (l — x) is the binary entropy function). 



The proof of this theorem is given in the appendix. 



4.3 Upper bounds on the cost of any measurement M. 

While determining the minimum entanglement cost E m [ n (Ai) for a general POVM A4 is 
difficult, we can construct a Naimark extension having a fairly small entanglement cost as 
follows. 



Proposition 9 Let M = {|fc^)(^|}^Li be any POVM on 7id- Then, for any normalized 
state \C) inTid, there exists a Naimark extension {|w l /)}^! =1 of M. having the following form, 
with e at most m + 1: 



\w v ) = \K) \a ) + |C) 16/ ) foru = l,...,m 



(5) 



where {|6/)}lLi in the span o/{|aj) : i > 1} (denoted H e — \ao) ) and {\w v )}'jf =m+l lie in 
Ti-d ® iJ~L e — |ao))- This extension has entanglement cost 



m r 2 / 1 1 / \ 

E = E i H ( 2 - 2 v + (i - °£)KCI*„>| a ) 

/t=l 



(6) 



w/iere r 2 = (k^k^), 



1 - 2r 2 . 



Proof Existence of a Naimark extension immediately assures us that there exists a set of 

6,) = \vl)\ai) + ...+ 



m vectors { 6')}£Li satisfying (k u >\k u ) + (6/ 16/) = <W- (Choose 

^\ | a( e _i) ) in Proposition ^ for example.) If we take e = m + 1, we can then find 

m vectors {|6/)}™=i lying in 'He - |a ), satisfying (Av|fc„) + (6/ 16/) = <W- Using these 
vectors, define {l^)}^^ through Eq. (JSJ). The set {|w ;y )}^ 1 is then orthonormal, and can 
hence be extended to an orthonormal basis {luv)}^^ of TLd <8> T~t e with {| w v ) }f= m +i being 
orthogonal to the subspace TCd <8> |«o)- Proposition ^ then guarantees that this basis is a 
Naimark extension of Ai. 

The state \u> v ) (y < m) can be written in terms of normalized vectors as 



r M ^)|0) + ^l-r2|C)|l M ) 
where (0|1 M ) = 0. Then the derivation of Eq. © is straightforward 0]. 
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This construction shows that for any POVM on any size of Hilbert space, the minimum 
entanglement cost is less than 1 ebit (as H(x) < 1 and ^u r u/^ = 1) but we can derive 



more detailed upper bounds for E m - m (A4). For any POVM, we can assume 



> 



,m) without loss of generality. Then, choose |£) 



ki ) in the above 



construction. Since has no entanglement and the other {|uv)} have 
E < ^™ = 2 r fi/d = 1 ~~ rf/d for this construction. Noting that rfm > Y^a r 'ft = d, we obtain 
an upper bound as a function of the number of elements m: 



ess than one ebit, 

2 



Corollary 4 Let M = {|M(M}JT=i be an V POVM on H d . Then, 

E mi n{M) < 1 - -. 

m 

We also have an upper bound as a function of d, by considering the expectation value 
E of E when \Q) is randomly chosen among all pure states in The expectation value of 

KCI^m)| 2 * s gi ven by |(CI^m)I 2 = V^- We will use the following lemma. 

Lemma 2 H[(l — y/x)/2] is a concave function of x for < x < 1. 

Proof For < x < 1, the first derivative of this function can be expanded as 



-(1U4)- 1 ^x m /(2m+l) 



m=0 



which is obviously monotone decreasing. ■ 
Using this lemma and Eq. 0, we have 



E < 



m r 2 /^ 1 
^ d V 2 2 



2 . )V ^ + (l-a2 )KCM p 



< 



m 2 



1 



1 

Vd 



Since E m \ n {Ai) is not larger than this averaged value, we obtain the following upper bound. 



Theorem 3 Let M = {|^)(^|}" 1 =1 be any POVM on H A . Then, 



E m in(M) < H 



1 

Vd 



Some values of this upper bound are given in the following table. 



H 



1 Vd 



2 0.600876 

3 0.744008 = 0.469417 log 2 3 

4 0.811278 = 0.405639 log 2 4 
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5 The most costly generalised measurement 



To any (discrete) POVM M. we have assigned its minimal entanglement cost E m [ n (M) and 
it is interesting to ask: which POVM Ai (for any d) has the largest such cost? Furthermore 
we may prefer to scale the cost by log 2 d, the number of qubits in the source space and 
ask for M that maximises the "normalised entanglement cost" F(M) = E m [ n (M)/ log 2 d 
i.e. the POVM which requires the maximal entanglement investment per qubit of source 
support. 

According to theorem 01 for source dimension d we have 



F(M) < ^—H 
log 2 d 



1/ 1 , 

2 {l -7i> 



This upper bound is a decreasing function of d with value 0.46... for d = 3. Recalling that 
the trine measurement has minimum cost 0.49... in d = 2 we see that F(M) is maximal 
for d = 2 and A4 must have entanglement cost at least as large as the trine measurement. 
Although we have been unable to exhaustively search the POVM space of d = 2 (either 
numerically or analytically) , we do have a numerical scheme for evaluating the entanglement 
cost of any POVM in d = 2 under the restriction that the ancilla has dimension 2. Using 
this scheme we have found that no other POVM with d = 2 and e = 2 has a cost as large as 
the trine cost. Details of the numerical scheme and further numerical studies will be given 
in a forthcoming publication [5]. 

Hence we have shown: 

Theorem 4 The trine measurement is the unique POVM with maximal normalised entan- 
glement cost -E m i n (.A/f)/log2 d amongst all POVMs with 

(a) d>3, or 

(b) d = 2 and ancilla size e = 2. 
This provides strong evidence for 

Conjecture The trine measurement is the unique POVM with maximal normalised entan- 
glement cost, amongst all (discrete) POVMs. 

To decide the conjecture it remains only to treat the case of d = 2 with e > 3 (including 
POVMs with an unboundedly large number of outcomes). 



6 Asymptotic entanglement cost 

So far we have been considering the entanglement cost of a single instance of a POVM 
M. In quantum information theory it is often advantageous and interesting to consider 
an asymptotic scenario in which information is collected from more and more instances of 
the target system and we assess the minimal cost per system that results from allowing 
global operations on all instances jointly. In this spirit, for a POVM A4 we may consider 
the entanglement cost of nM, the POVM defined by applying A4 n times. We introduce 
the asymptotic entanglement cost of A4 as being linin^oo E m i n (nM)/n. If we implement 
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nAi simply as n independent instances of Ai then the resulting entanglement cost per 
measurement will be nE(A4)/n = E(A4). However if we consider global Naimark extensions 
of the single POVM defined by nAi on 7i® n then theorem 01 immediately gives: 

Theorem 5 For any POVM the asymptotic entanglement cost is zero. 

Further discussion of the significance of this result is given below in section 17.21 



7 Concluding remarks 
7.1 Other formulations? 

Our notion of entanglement cost - based on the entanglements of the Naimark extension 
states - is "retrospective" in the sense that it quantifies the entanglement produced by 
the measurement. In contrast it would be interesting to develop a quantitative notion of 
"active" cost i.e. the entanglement input required to perform the POVM, in some suitable 
sense. A similar situation occurs in the question of quantifying the amount of entanglement 
in a bipartite mixed state. We have Ed, the entanglement of distillation i.e. the amount 
of entanglement that can be produced, analogous to our notion of POVM cost, and Ep, 
the entanglement of formation i.e. the amount of entanglement that needs to be invested 
to prepare the state. Just as Ep> < Ep for all states, we would expect that our E m \ n (AA) 
would be a lower bound on any reasonable notion of input entanglement cost required to 
implement the POVM. 

There are various possible approaches to formulating a notion of an input entanglement 
cost. For example, we could demand that the only allowed measurement is a standard 
product von Neumann measurement of the form {\ej) \l)} on Ti.^ (g) 7i e (for any desired 
ancilla space with orthonormal basis {|/)}). Then to implement a POVM Ai we first apply 
a unitary transformation U on 7id <8> ~H e so that the measurement of Ai on \ifji) |ao) is 



equivalent to the product measurement on 
entanglement E± of 



j = U\ipi)\ao). Finally we compute the 

ipi^ and ask for the minimal average E = ^2piEi, minimised over 
all choices of Naimark extension for Ai. The average here is constructed using the prior 
probabilities of the signal states. Although this approach is appealing - in that we explicitly 
consider the amount of entanglement E± that needs to be "put into" the source states - it 
is unfortunately trivial as the answer is always ^ (min) = 0! To see this, note that we can 
always begin the action of U on \ipi) \ao) by swapping the signal state out entirely into the 
ancilla and leaving the signal space in a standard state \sq) (independent of i). Then any 
generalised measurement on the source can be simulated by subsequent actions entirely in 
TL e with the system plus ancilla always being in a product state, having \sq) in the signal 
space i.e. Ei = 0. (This kind of trivial entanglement-avoiding construction was also noticed 
in 0). 

To avoid this problem of the minimal E being identically zero, we could instead ask 
about the "amount of coupling" needed to implement the unitary operation U on Tid % 
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TC e . There are a number of possible meanings to "amount of coupling", and this is a 
subject of considerable current interest ^U]. For example one can talk about the maximum 
amount of entanglement that can be produced by U or the amount of entanglement needed 
to implement U. Or one can consider how long it takes to implement U using a fixed 
Hamiltonian. Interestingly, in the context of the above discussion, the swap operation on 
tid ® 1~Ld typically has a high cost for these quantities. Thus the method in the previous 
paragraph for having E{ = (making essential use of a swap operation) would become 
expensive (and would presumably no longer be a minimal strategy). However progress in 
understanding non-local aspects of bi-partite interactions has not yet reached the stage 
where the possible measures of interaction are well understood, or indeed straightforward 
to calculate for typical operations. Therefore further development of this approach must 
await the introduction of a (suitably tractable) definition of interaction cost for bipartite 
transformations. 

Although we do not have a general notion of entanglement cost of a bipartite unitary 
operation, it is interesting to note that a definition of entanglement cost for a POVM, based 
on such a notion, would be expected to be inequivalent to the definition adopted in this 
paper. To see this consider the product basis of two qubits given by: 



where |±) = ^-(|0> ± |1». If we take the initial ancilla state to be \oq) = |+) then this 
product basis is actually a Naimark extension of the 4 element POVM {| with 



(This POVM may be interpreted as the 50/50 probabilistic mixture of two von Neumann 
measurements {|0),|1)} and {|+),|— )}: we first measure the ancilla |oo) in the basis 
{|0) ,|1)} (cf the second qubit of the \ipi) states) and then we choose the von Neumann 
measurement for the first qubit according to whether the outcome is or 1.) Since we 
have a Naimark extension of product states this POVM has zero entanglement cost by our 
adopted definition. However it can be shown that no product unitary transformation on 
two qubits can transform the bi-orthogonal product basis {\j) |Z)}L =0 to the basis {(V'iHiLo- 
i.e. the POVM would be expected to require interaction between system and ancilla and 
thus have non-zero entanglement cost in the new sense. It is interesting to note that if, as a 
form of interaction, we allow free classical communication between system and ancilla then 
the POVM in eq. (0) again has zero cost (using the protocol described after eq. ( |7| ). with 
the ancilla measurement result being communicated to the system). 

7.2 Entanglement or space? 

Although we have introduced a notion of entanglement cost for POVMs, theoremElindicates 
that in an asymptotic sense, entanglement between system and ancilla is not important since 
the (suitably normalised) average entanglement of the measurement outcomes is zero. This 
leads to the question of what role the ancilla actually plays i.e. we wish to characterise a 



hfo> = |o>|o> |v>i) = |i)|o> hfe> = l+>|i> m 




*> = ^|o> IfeH^ID l*> = ^l+> l*> = ^l-> 



(7) 
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resource that is being consumed. If the number M of POVM elements exceeds the dimension 
d of the source space, then in the asymptotic scenario of n applications of A4, the Naimark 
extension requires M n orthogonal directions which is exponentially larger than the source 
dimension d n . Here the ancilla provides the extra space. Hence we are lead to the intriguing 
suggestion that "unentangled space" itself might be a quantifiable and useful resource in 
quantum information processing. Further exploration of this idea will be given in a future 
paper. 

One may also consider a similar asymptotic formulation in the context of extracting 
information from sources. Let £ be a source in dimension d and let £® n be the source 
(in dimension d n ) whose signal states are blocks of n independent emissions from £ (with 
prior probabilities for £® n being products of those from £). The accessible information 
Acc(£® n ) of £® n is determined by optimising the mutual information over all POVMs in 
dimension d n and it is known that Acc(£® n ) = nAcc(£). But to focus on the role of 
the ancilla we introduce firstly, Acc ± (£® n ), the maximal mutual information obtainable 
by applying only von Neumann measurements in dimension d n (i.e. no ancilla needed) 
and secondly, Acc°(£® n ), the maximal mutual information obtainable by applying only 
POVMs in dimension d n that have zero entanglement cost (i.e. an ancilla is needed but 
it remains unentangled with the source). Then we can ask: in the limit of large n, does 
either Acc~ L (£® n )/n or Acc°(£® n )/ra approach Acc(£)? In a related question has been 
considered, where the object function is not the mutual information but a measure of success 
probability of identifying some desired property of the signal states. In this context it was 
shown that we may choose optimal POVMs that resemble von Neumann measurements 
more and more, in the asymptotic limit. 

8 Appendix: proof of theorem [2] 

Any Naimark extension {i£v}^Li °f the trine POVM (1/3^) (/3/x|}/j=i,2,3 m ^2 ® We has the 
following form 



where {1x^)1^=1,2,3 and {|u^)}^ 4 lie in Hi <g> (H e - \ao)). The orthonormality of {\w u )}l =1 
leads to Kx^lx^')! = 1 f° r any 1 — A 4 )/- 4 ' — 3, implying that {|X/i)}/u=i,2,3 are the same 
except for their phase factors, and the reduced state of \Xf_i) {Xn\ on ^2 is independent of fj,. 
Let us take an orthonormal basis {|0) , |1)} of TC2 such that this common density operator 
t* e(\Xn)(Xn\), having rank 2, is given by p\0) (0| + [(1 -p)/2]l. 
The average entanglement E for this extension is 




for fx = 1, 2, 3 



E = E 



where 
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and 



ftp > is normalized. Let us first consider the dependence of E on p, with 



fixed. If we define density operators p)i by 



- (/ "-||0) (0| + | 



P 



it is obvious that S(pfj 



S(ffi). Noting that 



(p) 1 + 2p (i) 1 - p (i) 1 - p (i) 

Pi = -^—Pl + ~^^2 + ~^^3 



and similar expressions for p£' and , we obtain s ^ pL S{pft l ) > £^ S(p^') from the 
concavity of 5. Hence, in finding the minimum of E, we only need to consider the case 
p = 1. In the following we assume that p = 1. 



» 



Let us introduce Pauli operators on defined by <r x = |1) (0| + |0) cr y 
i\0) (1|, and a z = |0) (0| - |1) <1|. Define Bloch vectors for (3^ by = 
where <x = (a x ,a y , a z ). The eigenvalues of p M are then given by 



1) <0| 



M / ' 



4# + 5 



where 



pW=2|(0|^)| 2 -l. 



We can write E as a function of ipz ,Pz\pz^) as 



where 



/(*) = H 



1 V4z + 5 

2 6 



As can be seen from Lemma[2](in section I4.3[) . /(z) is concave and hence E(pi~\pz\pz^ 

-(1) „( 2 ) „(3 
> /Az 5 /Az 



is concave as a function of the triplet (pi 1 ^ ••' ' " ' ' 



Next, let us consider the possible range of the triplet {jp z ,Pz ,Pz )■ From Eq. (j3J), the 
Bloch vectors pW have unit length and they are equally spaced around a great circle on the 
Bloch sphere. Hence we can derive the following: 



\P 



(1) 



P 



(2) 1 2 



p (D +p (2) +p (3) =0 
|p^)| 2 = l 

= 2 - 2cos(2vr/3) = 3 
(pW-p(2)). p (3) =0 



(8) 
(9) 
(10) 
(11) 



We will use the following Lemma. 
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Lemma 3 If p ■ q = 0, 



J2L + ^L<1 

19 ' I 19 — 



Proof Let us decompose each of the two vectors into the z component and the xy-plane 
component viz. p = p z z +p± and q = q z z + q±. Then, p- q = p z q z +p± ■ q± = 0, implying 



that {p z q z y < \p±\ 2 \q±\ 



\P\ 



P 2 z )(\q? - ql). 



Applying this Lemma to p^ — p^ and p^ s \ we have 

(#-#) 2 /3 + (#) 2 <l. 

From Eq. (JHJ), we also have 



(12) 
(13) 



If we change the variables by 




/ -4 -4= 

\ 73 "73 




then the conditions ()13j) and (|12() become 



Z = 
X 2 + Y 2 < 3/2. 



(14) 
(15) 



The region specified above is a convex set, with the extreme points forming a circle. 
Note that relabeling of (1,2,3) in Eq. (|12j) merely reproduces the same conditions. Let 
us parameterize the extreme points by an angle 9, such that X = y/3/2 cos(# + 7r/6), 
Y = y/3/2 sm(9 + 7r/6), and Z = 0. Then E is written as 



E{9) = \ ^ /(W + ^)) 

fc=-l,0,l ^ ' 



Since £(0 + 2vr/3) = E{9) and £(-6>) = E(9), 

mm. E(6) = min E(9). 

6 0<6Ktt/3 

Now we can numerically check that E'(9) < for < # < 7r/3. This implies 



min £(0) = E(0) = -H -(1 



^3' 



0.496.. 



c . ^, (1) (2) . 

bmce E[p z ,p z ,p z ) is concave, 



mm E{p^\pf\p(p) > mm E{9) 
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Since there exists a valid point (p z ,p z ,p z ) corresponding to 9 = (e.g., take \tp) = 
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